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Transient Response of Soft Bonded Multilayered Shells
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Lockheed Pah Alto Research Laboratory, Palo Alto, Calif.
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A computer code, based on finite difference techniques, has been developed to analyze finite length soft-bonded
multilayered shells of revolution for dynamic loadings. The paper reviews the capabilities of the basic shell
dynamics code used to analyze the individual shell layers and then discusses the development of the code for soft-
bonded shells. The implementation of the computer code with emphasis on the bond modeling is also presented.
Several numerical examples are included that provide a comparison with an analytical solution, illustrate various
design parameter studies performed with the code and experimental-numerical data correlation studies. These
examples serve to illustrate the validity and usefulness of the code plus the necessity of including bond
deformation effects to properly analyze bonded shell structures.

I. Introduction

SHELL structures composed of two layers with a soft bond
joining them are commonly used in aerospace applications;

but because of the complex deformations, analyses are difficult
to perform especially for dynamic environments. To aid in the
design of multilayered soft bonded shell structures the TROCS
(Transient Response of Coupled Shells)1 code was developed
and subsequently used in several design and experimental data
correlation studies. In this paper the analysis technique for the
TROCS code is presented along with several numerical studies
that illustrate some of the characteristics of multi-layered soft
bonded shells and numerical-experimental data correlations
which clearly show the necessity of including bond deformation
in the analysis.

Interest in shells with deformable bonds has been quite recent.
The first investigator appears to be Payton2 in the early 1960's.
He studied bond stresses in axially loaded axisymmetric shells of
semi-infinite length. Jones and Whittier3'4 were interested in
modal and dispersion characteristics of bonded shells. In related
areas of study, Alzheimer et al.5'6 analyzed cylindrical shells
with cores and were mainly interested in wave propagation
in the core; Ruminer and Mclvor7 recently added to this work.
Longcope8 studied the problem of a rigid cylinder within a
shell-core structure. All of the above papers are essentially
based on classic analytical techniques.

Numerical solutions and computer codes are also available,
but they have seldom been published in the open literature.
The codes available are RNGBND,9 GIRLSIA,10 BOND,11

and SABOR5/DRASTIC.12 The first three are applied to situa-
tions involving rings, and the last is for elastic shells with a
shear-deformable bond. In all cases, very simple bond models
are used. No computer code was available for a general inelastic
finite length shell of revolution with a deformable bond that
could more accurately model actual aerospace structures. This
situation led to the development of the TROCS code.
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II. Theoretical Formulation
The TROCS code is based on the coupling of two SHORE13'14

codes together to model the response of layered shells with a
deformable bond. First a summary description of the SHORE
code is given, then details of the bond coupling model and
finally the computer implementation is presented.

A. SHORE Code
The equations solved by the SHORE code are those derived

by Sanders15 with provisions for linear and nonlinear kinematics,
inelastic material behavior, and variable wall thickness. The
formulation is restricted to shells with midsurfaces defined by a
surface of revolution which eliminates many derivatives in the
circumferential direction without severely restricting the class of
practical problems that can be solved. The loadings considered
are initial velocity, and pressure and temperature histories, all
of which can be specified for each mesh point. The boundary
conditions, implemented through fictitious points, include
clamped, simple, and free supports plus conditions of symmetry
and antisymmetry along with elastic constraints and inhomo-
geneous time-varying functions.

Time integration is handled with the straightforward explicit
second-order central difference operator. Use of this formulation
in terms of past and post displacement increments produces a
solution technique most compatible with the incremental theories
of plasticity. The spatial derivatives are based on two-
dimensional second-order central differences in conjunction with
a checkerboard (two-dimensional half-spacing) grid. Also by
using the equilibrium equations in terms of stress resultants the
highest derivative is limited to the second order. This technique
is very accurate,16 easily implemented due to the simple
derivatives involved and very fast on the computer due to the
small number of calculations required.

The plasticity formulation is based on an anisotropic yield
function for both elastic perfectly-plastic and elastic-plastic linear
strain hardening models (isotropic hardening). The second-order
terms in the stress increments are neglected, so an algebraic
solution can be obtained. In addition a fracture criterion17 is
available. Although this fracture criterion is based solely on
static conditions it appears to provide satisfactory results for
composite materials and sometimes doubtful results for metallics.
The development of a more applicable fracture criteria for use
in a structural dynamics response code is needed. To obtain the
resultants, the stresses are computed at several points through
the thickness, and the integrations are performed using Simpson's
method. For elastic solutions, algebraic expressions are used for
the integration to save computer time. In fact, throughout the
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coding, algebraic forms are used wherever possible to avoid
time-consuming numerical techniques.

The computational sequence of the SHORE code is as follows:
starting with a new increment in time, the required boundary
conditions for the displacement increments are set. The incre-
ments of strain and stress and total stress are computed, and then
the check on the yield condition is made. If yielding has
occurred, new stresses are computed in the plasticity subroutine.
If fracture has occurred the stresses are set to zero at this point.
Now, with the total stresses available, the resultants are computed,
and their boundary conditions are set. Using the resultants and
their derivatives in the equilibrium equations, the next increments
in the three displacement quantities are computed, and the time
loop commences again.

B. Bond Model
The bond is the coupling medium between the two shells as

analyzed by the TROCS code. If the bond material has not
failed, the motion of one shell influences the other. After a bond
failure has occurred the shell motions at that point are indepen-
dent unless the shells come in contact again. Based on the
relative motion of the two shells at each time step plus the
constitutive relationship of the bond, the influence of one shell on
the other is determined. Figure 1 illustrates the over-all shell
geometry plus a localized section of the wall construction that
shows the bond geometry. Although the bond layer is illustrated
as another shell in the model it is actually "springs" to account
for normal and shear displacement stiffness. Note that for a
constant 3> the u and w displacements would be together, and v
would be shifted by r(A0/2) sin O due to the half spacing used
in the finite difference grid. From the figure one can see that
the stresses, az, T^, TZ<D in the bond are the surface pressures,
pz, pe, and p®, respectively, on the inner and outer shells. The
assumptions made in computing these stresses are: 1) normal
and shear stresses are uncoupled in the bond; 2) normal stress
is linear with strain up to a point, then cubic with strain;
3) shear stress is linear with strain; and 4) the bond is weight-
less. In most cases the bond weight is insignificant compared
to the shell weight, but it can be included by adding extra
weight to one or both shell layers.

Mathematically expressed, the relationships for the stresses are
as follows:
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and TZ<D = TZ0 with v replaced by u, where lb = bond thickness,
Eb = bond modulus, Gb = bond shear modulus and dn, ds =
normal, shear bond damping coefficients, respectively.

If the normal strain, the coefficient of Eb in Eq. (1), in
compression exceeds &p then az is replaced by

(3)
where azi = az from Eq. (1) and e = (wouter - winner)//fc. Equation
(3) provides in a physical sense for the increasing stiffness of
bond materials under large compressive strains. The expression
given is not based on reality, but was chosen because it provided
the desired effect of keeping the two shells from occupying the
same space and it works with a minimum of numerical
difficulties. Of course if one knows the bond properties from
experimental data, Eqs. (1-3) can be changed to fit these data
and these changes are also easily made in the computer coding.

From the preceding equations it is clear that the stress in the
bond is simply the strain in the bond times the appropriate
modulus plus the velocity difference across the bond times the
damping coefficient. The damping coefficient is computed from

dn,s = 2^,s[(/cn,s)(m1)(m2)/(m1 +m2)/J1/2 (4)
where n- normal index, s- shear index, <5M,S = the assumed
fraction of critical damping, kn,s = the bond modulus, mi = the
mass per unit area of Shell one and w2 = the mass per unit
area of Shell two.

The selection of At, the integration time step, for a stable
computation becomes quite complicated by the bond, as a very
stiff bond can introduce a higher frequency than those present
in the finite difference shell equations. For the explicit central
difference operator used for the time integration in the TROCS
code the time step size is limited by the magnitude of the highest
frequency of the system of equations being solved.18 When one
must consider material and geometry nonlinearities plus the
problem of two shells coupled together the only answer is an
estimate of the highest frequency. This has been obtained by
assuming one of the shells is rigid which gives the following
conservative estimates (assuming the flexural frequencies are less
than the extensional frequencies),

1

1/2

(5)

(6)

Fig. 1 Shell and bond geometry.

The smaller At must be used, where E, h, p = modulus, thickness,
and weight density of the higher frequency shell, respectively,
a — shell radius, g = gravitational constant, As = minimum
mesh spacing, and v = Poisson's ratio. Equation (5) results from
assuming radial shell motion (bond normal motion), and Eq. (6)
results from assuming inplane shell motion (bond shear motion).
For highly nonlinear bond moduli one must assume a bond
modulus high enough to account for expected bond strains.

The TROCS code also provides for fracture of the bond in
shear or normal tension; the fracture is defined through
maximum allowable stresses that are input data. If a fracture
occurs then no bond stresses are computed (they are set to zero)
unless the shells come close enough together for a compressive
strain to exist in the bond. For this condition a normal stress
is computed and applied to the two shells until a tensile
condition again exists in the bond.

C. Computer Implementation
The computational scheme involves the determining of the

displacements in both shell layers for each time step and then
computing the bond stresses which are the surface pressures for
that time step. With the shell displacements known the strains
and stresses can be computed, the stresses give the resultants
which along with the surface pressures allow the computation
of the displacements at the end of the time step and the
process continues up to the time requested. To produce this
sequence of events on the computer mainly involves bookkeeping
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Fig. 2 TROCS code flowchart

procedures to keep the data for the two shells separate; this
is done as follows.

In addition to the instructions for the SHORE code which
solves the shell dynamics problem three additional subroutines
are used to produce the TROCS code. The first, called
COUPLE, performs the calculations of the bond stresses as
discussed in Sec. II-B. The other two, called WROUT and
RDIN, are NTRAN (UNIVAC-oriented computer operation)
based routines that write on a disk and read from a disk. In
the WROUT routine, all the quantities needed for the com-
putation of the shell dynamics problem at the next time step
are written onto the disk. In the RDIN routine, the same
quantities are read into the core from the disk; thus, two disk
units of sufficient size are set up to store the data for Shell 1
(outer layer) and Shell 2 (inner layer). While the code is com-
puting the response of one shell, the data for the other shell are
stored on the disk.

By going through the flowchart for the TROCS code, shown
in Fig. 2, the procedure becomes more clear. From the starting
point, on the first time step k = 0, the input data for Shell 1 are
read in; next, the initial conditions, boundary conditions, strains
and stresses, and the updated displacements are computed. At
this point the data for Shell 1 are written onto the disk. The
bond input data and input data for Shell 2 are read in next.
The same computations made for Shell 1 are now performed on
Shell 2 except now the time index k is updated. The displace-
ments, velocities, etc., are now known at the end of the first time
step for both shell layers, so the COUPLE routine is called to
compute the bond stresses (the surface pressures on the shells).
The data for Shell 1 are read into the core from the disk, and the
new displacements are computed. Then, the data read onto the
disk, and the data for Shell 2 are read into the core. The
new displacements are computed for Shell 2; again the shell
displacements, etc. are known at the same point in time and the
COUPLE routine is called. After k> 0, the computational
sequence is not altered.

The response data for the two shell layers and the bond are
printed at selected time intervals; unwanted quantities may be
suppressed, and time history plots of the response data may be
obtained for any mesh point on either shell. Since the TROCS
code actual computes the response for two shells plus the
coupling calculations the computer run times are approximately
2.1 times greater than a computer run for an equivalent shell
with the SHORE code.

III. Numerical Studies
In this section, several numerical examples are presented

relating to code checkout, design parameter studies, and
experimental-numerical correlation studies. These examples
serve to illustrate the validity of TROCS and application of
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Fig. 3 TROCS comparison with Payton's analytical solution.

the code to design problems. To provide a check with an
analytical solution a problem solved by Pay ton,2 the determina-
tion of the bond stress in the coupling of two dissimilar semi-
infinite axisymmetric shells subjected to a step end velocity, was
solved numerically with the TROCS code for a simply supported
finite length shell. Since the numerical solution is for a finite
length shell the comparison will only be valid up to the time
of wave reflection from the unloaded boundary of the shell. The
results of this comparison are shown in Fig. 3 for an axisymmetric
step end velocity of 707 in./sec and the following shell
properties; outer shell layer; length = 30.0 in., As = 1.0 in.,
density = 0.25 lb/in.3, Poisson's ratio = 0, modulus = 5 x 106 psi,
radius = 1000 in. and thickness = 1.0 in.; inner shell layer;
length = 30 in., As = 1.0 in., density = 0.1 lb/in.3, Poisson's
ratio = 0, modulus = 10 x 106 psi, radius = 998.9 in. and thick-
ness = 1.0 in.; bond; Eb = 10,000 psi and Gb = 5000 psi,
undamped. Due to the difference in sound speeds for the inner
(0.1965 in./^sec) and outer (0.0878 in./^sec) shell layer the
disturbance from the step end velocity propagates faster in the
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Fig. 4 Bond modulus and thickness study.
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Table 1 Bond stresses for varying initial debonding and impulse partitioning

± 10° Debonded

6

0°
30°
60°
90°

120°
180°

50/50°
Normal

psi

-670/ + 70
-450/ + 80
-380/+100
-320/+100
-400/ + 90

Shear
psi

-30/ + 60
-37/ + 70
-35/+75
-30/ + 65
-8/ + 3

0/100b

Normal
psi

-725/ + 60
-480/ + 80
-400/+100
-340/+100
-465/+100

Shear
psi

-30/+110
-30/ + 87
-20/ + 80
-20/ + 68
-8/ + 3

50/50a

Normal
psi

-700/ + 50
-490/ + 80
-400/+100
-340/+100
-460/+100

±40° Debonded

e
0°

30°
60°
90°

120°
180°

50/50*

Normal
psi

-560/ + 70
-440/ + 80
-360/+100
-500/+120

Normal
Shear

psi

-50/ + 85
-40/ + 80
-30/ + 70
-8/ + 2

0/100"
Shear

Normal
psi

-650/+100
-500/ + 90
-410/+110
-570/+150

Normal
Shear

psi

-45/+14
-24/+105
-17/ + 75
-9/4-2

50/50*
Shear

Normal
psi

-470/ + 80
-390/ + 80
-52Q/+110

±20°

Shear
psi

-40/ + 70
-45/ + 75
-40/ + 75
-30/ + 65
-7/ + 3

±65°

Normal
Shear

psi

-37/ + 80
-27/ + 70
-3/4-3

Debonded
0/1 00*

Normal
psi

-800/ + 70
-540/ + 65
-440/+100
-370/+100
-500/+120

Debonded
0/100b

Shear
Normal

psi

-540/ + 65
-440/+110
-600/+180

Shear
psi

-55/+140
-40/+105
-30/ + 87
-17/ + 70
-8/ + 2

Shear
psi

-20/+125
-15/ + 80
-10/ + 2

" Impulse Partitioning 50/50: Where bond has failed 50% of the impulse imparted to the outer shell, 50% to the inner shell, where no bond failure shells have equal velocities.
h Impulse Partitioning 0/100: Where bond has failed all of the impulse is imparted to the inner shell, where no bond failure shells have equal velocities.

inner layer than the outer layer, producing a relative axial
displacement between the shell layers that results in the bond
stress. Indeed in the results one sees the bond stress is a
maximum just before the arrival of the wave front in the outer
shell as this is obviously the point of maximum relative dis-
placement between the two shell layers. From Fig. 3 it is seen
that the numerical calculations are in good agreement with the
analytical solution for the bottom two sketches which illustrate
times before reflection. The upper sketch illustrates a time after
reflection occurs in the TROCS calculations, so agreement is
not expected.

As a design exercise to study the effects of bond modulus
and thickness, the ring configuration sketched in Fig. 4 was
analyzed for a cosine distribution of impulse over half the
circumference. The peak compressive strains and stresses com-
puted at 0 = 0° are shown in Fig. 4 for 40 mil and 100 mil
bond thicknesses vs the bond modulus (normal direction). The
bond shear modulus was chosen to be the bond modulus divided
by 2.9. The softer bond produces a better protection of the inner

OUTER
SHELL

3.2xl06n

54000
30OOO

SHELL

1.5%
Outer Shell-
t»0.35 in.

Bond-
1=0.03 in.

A0 = IO°(Mesh Spacing)

Fig. 5 Ring geometry and material properties for the results shown in
Tables 1 and 2.

shell as would be expected. For a larger magnitude loading a
soft bond may lead to troubles unless it is thick enough to
prevent the bond from "bottoming out". Or one can select a
bond modulus that would provide an efficient structure in which
both rings would carry ultimate strains or stresses. As one
would expect a thicker bond produces a softening effect. To
prevent yield of the inner ring the stress would have to keep
below 30 ksi which, from the curve for the stresses, requires a
very soft bond, i.e. a modulus of 2-3 ksi.

In another design study a 12 in. o.d. two-layered ring coupled
together with a deformable bond was analyzed to determine
bond stresses and strains and deformations of the inner shell due
to the effects of varying degrees of initial debonding and impulse
partitioning. The basic material properties and ring geometry
are sketched in Fig. 5; in addition the bond shear modulus =
345 psi and damping coefficients dn, ds = 0.169, 0.099 lb-sec/in.3,
respectively were chosen. The densities are 0.065 lb/in.3 for both
shells. The impulse was distributed as a cosine over half the
circumference with a peak value of 0.029 psi-sec as in the previous
example. Presented in Table 1 are the maximum compressive
and tensile bond stresses for the normal and shear components
for various locations around the circumference vs degrees of
initial debonding and impulse partitioning. Examination of
Table 1 indicates that the range of bond stresses varies more
with the 0/100 impulse partitioning than they do with the 50/50
partitioning. In all cases the debonding will not propagate beyond
the initial value, assuming a normal tensile failure stress of
600 psi for the bond. Shown in Table 2 are the maximum
compressive inner fiber circumferential strain and the maximum
radial displacement for the inner ring vs degrees of debonding
and impulse partitioning. Table 2 shows that the maximum
strain at 0° increases much more rapidly for the various
degrees of debonding for 0/100 impulse partitioning than for the
50/50 case. The maximum radial displacement at 0° does not
show a significant change due to debonding, however the
magnitude doubles as the impulse partitioning changes with the
0/100 case being the most severe.

A similar study for a finite length (12 in.) conical frustrum
was also performed. The material properties shown in Fig. 5 still
apply, but the data for the inner shell now represents the
effective stress-strain curve. The outer shell is 0.30 in. thick and
has an outside radius (normal to the shell wall) of 5.975 in.
at the small end and 7.545 in. at the large end. The inner
shell is 0.055 in. thick and the densities, bond damping, and
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Table 2 Maximum inner fiber circumferential strain and radial displacements for various degrees of debonding and impulse partitioning

50/50°
±10°Debonded

Wmax

0/100"
+ 20° Debonded

50/50fl 0/100b

fimax

0°
30°
60°
90°

120°
180°

-0.097%
-0.095%
~0.07%
-0.067%
-0.057%
-0.08%

-0.028
-0.0175
-0.005
+ 0.0118
+ 0.0118
+ 0.0062

-0.31%
-0.175%
-0.075%
-0.07%
-0.06%
-0.085%

-0.053
-0.0155
-0.0085
+ 0.0113
+ 0.0110
+ 0.0057

-0.18%
-0.155%
-0.07%
-0.07%
-0.057%
-0.088%

-0.026
-0.0175
-0.0047
+ 0.011
+ 0.011
+0.006

-0.51%
-0.42%
-0.092%
-0.07%
-0.063%
-0.093%

-0.051
-0.016
-0.0086
+ 0.0086
+ 0.10
+0.005

50/50"
±40° Debonded

0/100* 50/50*
fimax

±65° Debonded
0/100"

w P wrrmax fcmax "max

0°
30°
60°
90°
120°
180°

-0.27%
-0.13%
-0.072%
-0.07%
-0.057%
-0.10%

-0.027
-0.026
-0.0045
+ 0.010
+ 0.011
+ 0.006

-0-7%
-0.42%
-0.135%
-0.08%
-0.07%
-0.11%

-0.049
-0.041
-0.008
+ 0.0082
+ 0.010
+ 0.0045

-0.27%
-0.18%
-0.06%
-0.07%
-0.057%
-0.092%

-0.027
-0.023
-0.0127
+ 0.0105
+ 0.0105
+ 0.006

-0.72%
-0.54%
-0.155%
-0.097%
-0.075%
-0.115%

-0.054
-0.040
-0.021
+ 0.0087
+ 0.0088
+ 0.0048

" Impulse Partitioning 50/50: Where bond has failed 50% of the impulse imparted to the outer shell, 50% to the inner shell, where no bond failure shells have equal velocities.
b Impulse Partitioning 0/100: Where bond has failed all of the impulse is imparted to the inner shell, where no bond failure shells have equal velocities.

bond shear modulus are the same as the previous example.
Poisson's ratio is 0.2 for the outer shell and 0.06 for the inner
shell. The bond thickness is 0.030 in. The total impulse is 0.029
psi-sec applied in the cosine distribution over half the circum-
ference and uniform along the length. The cone is clamped at
the small end and clamped without a rotation restriction at the
large end. Response data for the case of initial debonding over
+ 90° of the shell at a point located at 0 = 0° (under the peak
loading) and at S — L/2 (the midpoint) for varying impulse
partitioning is shown in Fig. 6. The results follow the same
trend as the ring results presented in Table 2. Also, note the
meridional strain peaks follow the same trend as the circum-
ferential strain, but at a lower magnitude. For the particular
example the ring and shell results provide similar guides for a
design, but for a case with considerable deformation and/or
fracturing of the shell material the results for the ring and
shell would not be comparable.

Two examples from experimental-analytical correlation studies
are described below. The first is for a ring with properties and
loading similar to the two previously studied ring designs. The
ring has a 9.0 in. o.d. and the outer layer is impulsively loaded
with a cosine distribution over half the circumference with a
peak of 0.0338 psi-sec. The outer ring layer has the following
properties: density = 0.049 lb/in.3, thickness = 0.41 in., E =
1.59x 106 psi, tensile yield = 10.4 ksi, compressive yield = 33.6
ksi, tensile plastic modulus = 1.72xl05 psi and compressive
plastic modulus = 6.7 x 105 psi. The bond properties are: thick-
ness = 0.03 in., shear modulus = 80 psi, normal modulus =
1.8 x 104 psi for strains less than 50,000 /*e and 4.77 x 104 for
strains greater than 50,000 fie, and 5% damping is included. The
inner ring layer has the following properties: density = 0.066
lb/in.3, thickness - 0.065 in, E = 41.8 x 106 psi, yield - 46 ksi,

400 800 1200 1600
IMPULSE IMPARTED TO INNER SHELL (TAPS)

Fig. 6 Conical shell frustum study for initial debonding and impulse
partitioning.

and the plastic modulus = 8.9 x 105 psi. The numerical calcula-
tions were made with the TROCS code which includes the
bond deformations and the SHORE code which assumes a rigid
bond. Figure 7 illustrates the inner surface circumferential strain
for the inner ring at 0°, 60°, and 180° (0° under the peak load)
as computed by SHORE and TROGS and compared with
experimental data.19 At all locations it is easily seen that the
computations based on a deformable bond (TROCS) are superior
to the rigid bond or Kirchhoff assumption (SHORE) based cal-
culations. Indeed without the deformable bond calculations there
would not be any correlation. The loading for the experiment
was not very severe and the data correlation is quite good and
typical of low level tests.

At the other extreme the TROCS code was used in a correlation
study for a 24 in. o.d. cylinder (21 in. long with simulated
simple support boundaries) subjected to an asymmetric blast
loading.20 In this particular test the bond failed over the entire
shell due to large deformations and the brittle outer shell was
completely removed. This was substantially predicted by the code
calculations. The times at which the fractures occur and where
they start are difficult to determine unless one obtains a huge
amount of code output. From the limited output of stresses for

2000

z -2000
2 2000
fe
_i<
£ o£
UJu.

3 -2000
o 2000

A /i AJ ! '. i : „• i yfi^k

0° Strain

A

i V
——— EXPERIMENT
——— TROCS
—•••••- SHORE

0
60 Strain

-20OO

A A
180° Strain

0.2 0.4 0.6
TIME (m-sec)

1.0

Fig. 7 Comparison of SHORE and TROCS computations with
experimental ring data.
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———— MEASURED
———— A (TROCS)
—- - - -B (TROCS)
— — C (TROCS)
————D (SHORE-H)

AXIAL STRAIN
GAGE AT
x = 10.5 in.

5=90°

0.4 0.8
TIME (m-seconds)

Fig. 8 Comparison of SHORE and TROCS computations with
experimental cylindrical shell data.

this study the fractures appear to start under the peak load near
the boundaries and spread throughout the shell. In this case first
fracture occurred very early in time and was completed at
approximately 1 ms.

This particular example was used to study predicted response
for various material property models that are shown in Table 3.
In addition the basic properties are: for the outer shell layer,
E = 2.94 x 106 psi up to 20 ksi and then E = 2.74 x 105 psi
(bi-linear elastic), thickness = 0.5 in., density = 0.052 lb/in.3 and
Poisson's ratio = 0.25 ; for the bond, normal modulus = 40 ksi,
shear modulus =13 ksi, thickness = 0.060 in. ; for the inner shell
layer E = 10 x 106, Ep (plastic modulus) = 8.3 x 104 psi, thick-
ness = 0.2 in., density = 0.1 lb/in.3 and Poisson's ratio = 0.25.
The pressure loading was uniform along the length of the shell
and distributed circumferentially as :

= P0cos0e~'/r 0 = 0^80°
0 = 80°

where P0 = 2130 psi and i — 0.82 msec. The pressure loading
wave front wave engulfed the shell at a velocity of 4930 fps.
The shell was modeled with planes of symmetry at S = L/2 and
6 = 0°, 180°. The spacing used was As = 0.875 in. and A0 = 10°.
The boundary conditions were classical simple supports except
N® = Q instead of the usual u = 0.

Strain gages were mounted on the inner surface of the inner
shell and selected correlations with the TROCS and SHORE
code are shown in Fig. 8. The A, B, C's refer to the various
material property models used for the TROCS analysis and D
pertains to the SHORE code analysis ; these properties are shown
in Table 3. Although the correlations are not as good as for the
previous low level test, the calculations are certainly indicative
of the strain levels recorded during the test. The material
Model A but with Model B bond properties was chosen for

Table 3 Materials property data for cylinder correlation study

Inner shell Outer shell Bond
Case

Yield Fracture Plasticity Fracture Fracture

A

B

C
D

oy = 47 ksi

iy = 27 ksi
oy — 47 ksi

Xy = 27 ksi
ffy = 35 ksi
iy = 20 ksi

Same as

72 ksi Ca

65 ksi Ta

36 ksi Sfl

100 ksi C
100 ksi T
100 ksi S

None
None

Linear
Strain

Hardening
Linear
Strain

Hardening
Perfectly
Plastic

28 ksi T
31 ksi C

28 ksi T
31 ksi C

28 ksi T
45 ksi C

3800 psi T

2300 psi S
1000 psi T

600 psi S
1000 psi T
600 psi T

B, except no bond properties

C Compression, T Tension, S Shear.

future correlation work. Again the SHORE code which does not
include a deformable bond does not produce as good a correla-
tion as the TROCS code for this experiment, especially if one
considers the TROCS code prediction of complete bond fracture
and outer shell layer removal.

Of course an excellent correlation was not obtained for this test,
but an engineer is quite pleased to come this close considering
the severe environment of this test. That is the measurements
are difficult to obtain, the material properties are vague and the
deformations so large that the validity of shell equations used
becomes doubtful; yet the analysis provides a very good bound
on the experimental data. This correlation is even more remark-
able when one considers that for the simpler problem, only
nonlinear geometry and a single wall shell, it is difficult just to
get independently developed codes to agree.21 Other tests in
this series20 had contact gages for measuring the shell displace-
ment at the midpoint under the peak load. A displacement of 2
in. was recorded at 1.38 msec for one test and at 0.83 msec
for another test; the computed time values from the TROCS
code were 1.15 msec and 0.74 msec, respectively. It is easy to
see that if one only had to provide predicted displacements life
would be much simpler.

Conclusions
The development of a relatively sophisticated two-dimensional

shell dynamics code for studying multilayered shells with a
deformable bond has been presented. Though better numerical
techniques and modeling techniques still need to be pursued, as
in any of the sophisticated structural analysis codes available
today. The bond model, for example, was derived mostly by
default, due to the lack of material behavior data. It is felt that
the TROCS code is a unique analysis tool for shells of revolution
under asymmetric dynamic loading including the effects of non-
linear material behavior and geometry with a deformable bond.
The usefulness of the code has been demonstrated through the
design parameter studies and its validity and necessity has been
illustrated by correlations between numerical and experimental
results.
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